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The present paper is devoted to the β - uniform algebra of bounded
generalized analytic functions on the “generalized disk”. The issues related to
the well-known corona problem for this topological algebra are investigated.
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Let Γ be an additive semigroup of real numbers groupR equipped with discrete
topology, while G = Γ̂ [1,2]. Then G is a compact Abelian group. Denote by CΓ the
locally compact space obtained from the Cartesian product G× [0,∞) by means of
identifying a layer G×{0}with a point (i.e. CΓ = G× [0,∞)

/
G×{0}with the point

{∗}= G×{0}
/

G×{0}). Observe that when Γ =Z, then G =T= {z∈C : |z|= 1},
while CΓ = C is the complex plane.

The set ∆Γ = G× [0,1)
/

G×{0} is called the “generalized disk”. Note that
when Γ = Z, we obtain ∆Γ = ∆ = {z ∈ C : |z|< 1}.

Recall that for the compact Abelian group G, by the Duality Theorem of
L.S. Pontryagin, Γ is the character group for the group G. Denote by Γ+ = {a ∈
∈ Γ : a > 0} the semigroup in the character group Γ. For every character a ∈ Γ+

we consider continuous functions χa(αr) = α(a)ra (0a = 0 on CΓ, while α(a) is
the value of α ∈ G at a ∈ Γ). The obtained family of functions 〈χa〉Γ+ separates the
points of space CΓ.

Let D⊂CΓ be an open set, and let f be a continuous function on D. Then one
says that f is a generalized analytic function on D, if it is locally, in some neighbor-
hood of each point of D, can be approximated by linear combinations of functions
from {χa}Γ+ . Recall that a finite linear combination of functions from {χa}Γ+ is a
polynomial, while two polynomials ratio is a rational function.

Observe that, depending on choice of Γ, one obtains different spaces CΓ.
For a compact K ⊂ CΓ hereafter by P(K) we will denote the uniform algebra

generated by polynomials on K and by R(K) a uniform algebra generated by rational
functions P1

/
P2, where zeros of polynomial P2 lie out of K.
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Recall that for a compact K ⊂ CΓ the sets

K0 = {s ∈ CΓ : |p(s) |6 sup
K
|p |, p ∈ P}

and

K0 =

{
s ∈ CΓ :

∣∣ p1(s)
/

p2(s)
∣∣6 sup

K
| p1/ p2| , p1, p2 ∈ P

}
are called polynomially convex hull and rationally convex hull respectively for K,
and K ⊂ K0 ⊂ K0. Here P stands for the family of all polynomials.

It is well known [1,2] that for given algebras maximal ideal spaces MP(K) =K0,
while MR(K) = K0 and, if the group Γ is isomorphic to some subgroup of rational
number group Q, then we have K = K0 for every compact K ⊂ CΓ .

We denote by A(G) the uniform algebra on the group G, which is generated by
characters {χa}Γ+ . Then the local structure of generalized analytic functions [2] is
as follows: for each point of the space CΓ \{∗} there exists its closed neighborhood
F homeomorphic to the Cartesian product of Ga×W such that the uniform algebra
P(F) ∼= A(Ga×W ) (i.e. isomorphically isometric), where the algebra A(Ga×W )
is the uniform algebra on Ga×W , generated by functions of the form f g, where
f ∈ P(W ), g ∈C(Ga). Here Ga = {α ∈ G : α(a) = 1} and W ⊂ C is a compact.

For the sequel recall that H∞(∆) is the classic uniform algebra of bounded
analytic functions on the open unit disk ∆ = {z ∈ C : |z| < 1} with respect to sup-
norm (i.e. ‖ f‖∞ = sup

∆

| f |), while H(∆) is the commutative algebra of all analytic

functions on ∆, which is Frechet algebra.
In what follows, we will assume that group Γ=Qd , where Qd is the group of all

real rational numbers equipped with discrete topology. Then G = Q̂d is a connected
compact group of characters on the group Γ = Qd . Consider the “generalized disk”
∆Γ = G× [0,1)

/
G×{0} with point {∗} = G×{0}

/
G×{0}. For each q ∈ Γ+ =

= Q∩ [0,∞), the character χq(g) = g(q) on G can be extended to ∆̄Γ by the formula:

χ̃q(λ ,g) =


λ qχq(g), when q 6= 0 and λ 6= 0,
0, when x = ∗, q 6= 0,
1, when q = 0 .

In the case when G = Q̂d , the following conditions are equivalent: the continuous
function f on ∆̄Γ is a generalized analytic function, if and only if f is uniformly
approximable on ∆̄Γ by hyper-polynomials, i.e. by finite linear combinations of func-
tions

{
χ̃q
}
, q ∈ Γ+ [1, 3].

In connection with this, continuous function f on ∆Γ is called hyper-analytic,
if it can be uniformly approximated on ∆Γ by functions of the form h ◦ χ̃1/m, where
m ∈ Z+ and h ∈ H(∆).

We denote by H∞(∆Γ) [3] the uniform algebra of bounded hyper-
analytic functions with the sup-norm (i.e. ‖ f‖

∞
= sup

∆Γ

| f (λ ,g)| = sup
|λ |< 1
g ∈ G

| f (λ ,g)|).

By MH∞(∆Γ) we denote the maximal ideal space of the algebra H∞(∆Γ). It
is obvious that each point (λ ,g) ∈ ∆Γ generates a linear multiplicative functional
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ϕ(λ ,g) ∈MH∞(∆Γ) by formula ϕ(λ ,g)( f ) = f (λ ,g), where (0,g) = {∗} for each g ∈ G.
As in the classical case, the Gelfand transform f → f̂ is an isometric isomorphism
between H∞(∆Γ) and Ĥ∞(∆Γ), since if f̂ ≡ 0, then f̂ (ϕ(λ ,g)) = f (λ ,g) = 0 for every
λ with |λ |< 1 and g ∈ G, i.e. f ≡ 0 and

∥∥ f̂
∥∥

∞
= ‖ f‖

∞
. Therefore, the “generalized

disk” ∆Γ is embedded into MH∞

(∆Γ)
, and ∆Γ is dense in MH∞

(∆Γ)
. Thus, algebra H∞(∆Γ)

does not possess a corona [3, 4].
Recall some basic notions on β -uniform algebras, which we will use below.

Let Ω =
∞⋃

n=1
Kn be a local compact space, which admits a compact exhaustion,

and where Kn ⊂ Kn+1 and every Kn is a compact.
Recall that a closed subalgebra A of the algebra Cβ (Ω) is called β -uniform, if

it contains constants and separates points of Ω, i.e. for any x1,x2 ∈ Ω, x1 6= x2 there
exists a function f ∈A such that f (x1) 6= f (x2) [5–7].

The topology of the sup-norm is stronger than β -uniform topology, hence,
β -uniform algebra is a closed subalgebra of the Banach algebra Cb(Ω) in the sup-
norm. The algebra A equipped with β -uniform topology hereafter we will denote by
Aβ (or Aβ (Ω)). We denote the algebra A equipped with the topology of sup-norm
by A∞ (or A∞(Ω)), while its maximal ideal space will be denoted by MA∞

. Observe
that MCb(Ω) is the Stone-Cech compactum for Ω.

According to the I.M. Gelfand theory [8, 9], each multiplicative functional on
the algebra A∞(Ω) is continuous in sup-norm, while MA∞

is a compact in ∗-weak
topology of the subset S(A∗) = {ϕ ∈A∗∞ : ‖ϕ‖= 1}. We denote by MAβ

the set of
all β -continuous linear multiplicative functionals of the β -uniform algebra Aβ (Ω).
It is clear, that MAβ

⊂MmathcalA∞
. We denote the Shilov boundary of the algebra A∞

by ∂A∞. The set ∂A∞∩Ω will be called the Shilov β -boundary for the algebra Aβ

and denoted by ∂Aβ .
As it was shown in [10], if ∂A∞(Ω) = ∂Aβ (Ω), then MAβ

= MA∞
, i.e. in this

case all multiplicative functionals on the algebra Aβ (Ω) are continuous.
Let Cβ (∆Γ) be the β -uniform algebra of all bounded β -topology complex-

valued functions on ∆Γ, then the following statement is true:
T h e o r e m 1. H∞

β
(∆Γ) is a β -uniform subalgebra of Cβ (∆Γ).

Proof. Let { fi}i∈I ⊂ H∞(∆Γ) be a Cauchy β -net. Then it converges in the
β -topology to some continuous and bounded function f on ∆Γ. For an arbitrary point
(λ0,g0) ∈ ∆Γ, let U be a neighborhood of (λ0,g0) such that Ū ⊂ ∆Γ, where Ū is the
closure of U in ∆Γ. By Urysohn’s Lemma, there exists a function g ∈C0(∆Γ), which
is equal to the unity on U . Definition of β -topology implies that the net {g fi}i∈I
converges uniformly to some function f on ∆Γ. Hence, we obtain that the net of
hyper-analytic functions { fi}i∈I converges uniformly to f on U . Hence, f is a
hyper-analytic function on U , and the function f ∈ H∞(∆Γ) due to arbitrariness of
the point (λ0,g0) ∈ ∆Γ. �

T h e o r e m 2. MH∞

β
(∆Γ) = ∆Γ.

Proof. Assume that ϕ ∈MH∞

β
(∆Γ), then it will be a continuous functional on the

Banach algebra H∞(∆Γ). H∞(∆Γ) is a logmodular algebra [4,5], hence, there exists a
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finite, regular measure µϕ for ϕ ∈MH∞(∆Γ), which is a unique representation measure
for ϕ , i.e.

ϕ( f ) =
∫

MH∞(∆Γ)

f̂ dµϕ ,

where f̂ is the Gelfand transform of the functions f . We represent the measure µϕ as
µϕ = µ∆Γ

+µF∞
, where MH∞(∆Γ) =∆Γ∪F∞, while µ∆ and µF∞

are the restrictions of the
measure µϕ on ∆Γ and F∞ respectively. We verify that µF∞

= 0. Since C0(∆Γ) posses-
ses a bounded approximative unity {ei}i∈I , then the net { fi}i∈I , where fi = 1− ei,
converges by β -topology in H∞

β
(∆Γ) to zero function on ∆Γ. Therefore, the functional

net ( fi ◦ϕ)i∈I , where ( fi ◦ϕ)( f ) = ϕ ( fi f ), converges to zero functional. Thus,

0 = lim
I
( fi ◦ϕ)( f ) = lim

I

∫
∆Γ

f̂i f dµϕ +
∫
F∞

f̂i f dµϕ

=
∫
F∞

f̂ dµϕ

for any f ∈ H∞(∆Γ). Hence, µF∞
= 0, i.e. µϕ = µ∆Γ

. Thus, to each β -continuous
linear functional on H∞

β
(∆Γ) corresponds some measure µϕ ∈M(∆Γ). �

Corollary. The Shilov β -boundary of the algebra ∂H∞

β
(∆Γ) = /0.

Proof. According to the local structure of generalized analytic functions men-
tioned above and due to maximum principle for generalized analytic functions, we
have that each generalized ring Kε,Γ = {(z,g) ∈ CΓ : ε 6 |z|< 1,g ∈ G} (0 < ε < 1)
is a boundary. But

⋂
ε

Kε,Γ = /0. By Theorem 2 we have, ∂H∞

β
(∆Γ) = /0, since ∆Γ is

dense in MH∞(∆Γ). �
In view of Theorems 1, 2 and Corollary we have MH∞

β
(∆Γ)  MH∞(∆Γ).

Proposition.There exists a linear multiplicative functional ϕ : H∞

β
(∆Γ)→ C,

which is not continuous in β -topology.
Proof. ∆Γ is a locally compact space, while H∞(∆Γ) is a commutative Banach

algebra in sup-norm, therefore, ∆Γ is embedded into MH∞(∆Γ). On the other hand,
Theorem 2 implies MH∞

β
(∆Γ) = ∆Γ. Let (λ0,g0) ∈ MH∞(∆Γ) \∆Γ, then the functional

ϕ(λ0,g0) : H∞(∆Γ)→C, such that ϕ(λ0,g0)( f ) = f̂ (λ0,g0), is a multiplicative functional
on H∞

β
(∆Γ). Since ϕ(λ0,g0) possesses the unique representation measure concentrated

in the point (λ0,g0), then ϕ(λ0,g0) is not β -continuous by Theorem 2. �

Thus, every point (λ ,g) ∈MH∞(∆Γ) \∆Γ generates a discontinuous linear mul-
tiplicative functional on β -uniform algebra H∞

β
(∆Γ).

Concerning the corona problem for the case of β -uniform algebras, we will
say that, β -uniform algebra A has no a corona if MAβ

is dense in ∗-weak topology in
maximal ideal space MA∞

.
It is well known that the criterium of non-existence of a corona is the fulfilment

of the following condition: for any ε > 0 and a finite family of functions

f1, . . . , fn ∈ A, such that inf
ϕ∈MA

β

n
∑

i=1
|ϕ( fi)| > ε , there exist functions g1, . . . ,gn ∈ A

satisfying the equality
n
∑

i=1
gi fi = 1 .
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It is known [3, 4], that ∆Γ is homeomorphically embedded into the maximal
ideal space MH∞(∆Γ) of the uniform algebra H∞(∆Γ). Applying the famous Carleson
corona theorem, which sets that the disk ∆ = {z ∈ C : |z|< 1} is dense in MH∞(∆), it
is proved in [3] that the “generalized disk” ∆Γ is dense in MH∞(∆Γ). In other words,
the “corona” MH∞(∆Γ) \ ∆̄Γ is empty.

In the case of β -uniform algebra H∞

β
(∆Γ) we obtain that it also has no a corona,

since the set of β -continuous multiplicative linear functionals is ∆Γ by the
Theorem 2, while its Shilov β -boundary ∂H∞

β
(∆Γ) = /0 (see Corollary).

Observe that, when Γ =Z, we get the case of β -uniform algebra H∞

β
(∆) on the

unit disk ∆.
The author expresses his gratitude to Professor Martin I. Karakhanyan for

posing the problem.
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