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²ßË³ï³ÝùáõÙ ³é³ç³ñÏíáõÙ »Ý ëáíáñáÕÝ»ñÇ ëï»ÕÍ³·áñÍ³Ï³Ý 

áõÝ³ÏáõÃÛáõÝÝ»ñÇ ¨ ÑÙïáõÃÛáõÝÝ»ñÇ ½³ñ·³óÙ³Ý ÙÇ ß³ñù 

ûñÇÝ³ÏÝ»ñ: àñáßÛ³É ÇÝï»·ñ³ÉÇ ë³ÑÙ³ÝáõÙÁ, Ñ³ïÏáõÃÛáõÝÝ»ñÁ, 

ÇÝï»·ñÙ³Ý ÑÇÙÝ³Ï³Ý »Õ³Ý³ÏÝ»ñÝ ÇÙ³Ý³ÉÁ áñáßÛ³É 

ÇÝï»·ñ³ÉÝ»ñÁ ³ñ¹ÛáõÝ³í»ï Ñ³ßí»Éáõ Ñ³Ù³ñ, ÇÑ³ñÏ», 

³ÝÑñ³Å»ßï են, µ³Ûó áã µ³í³ñ³ñ: ²é³ç³ÝáõÙ »Ý 

¹Åí³ñáõÃÛáõÝÝ»ñ, áñáÝù Ñ³ÕÃ³Ñ³ñíáõÙ »Ý ëï»ÕÍ³·áñÍ³Ï³Ý 

áõÝ³ÏáõÃÛáõÝÝ»ñÇ ¨ ÑÙïáõÃÛáõÝÝ»ñÇ ßÝáñÑÇí: ²ßË³ï³ÝùÁ 

å³ñáõÝ³ÏáõÙ ¿ ÙÇ ù³ÝÇ ïÇå³ÛÇÝ ûñÇÝ³ÏÝ»ñÇ ÉáõÍáõÙÝ»ñ: 
´³Ý³ÉÇ µ³é»ñ:  àñáßÛ³É ÇÝï»·ñ³É, Ïáñ³·ÇÍ ë»Õ³Ý, ßñç³ÝÇ 

Ù³Ï»ñ»ë, »ñÏñ³ã³÷³Ï³Ý ÇÙ³ëï, ù³é³ÏáõëÇ, Ñ³í³ë³ñ³ëñáõÝ 

áõÕÕ³ÝÏÛáõÝ »é³ÝÏÛáõÝÇ , »½ñ³Ï³óáõÃÛáõÝ: 
 

Ì.Àïðåñÿí 
ÏÐÈÌÅÐÛ ÝÔÔÅÊÒÈÂÍÎÃÎ ÂÛЧÈÑËÅÍÈЯ ÎÏÐÅÄÅËÅÍÍÛÕ 

ÈÍÒÅÃÐÀËÎÂ  
Â ðàáîòå  ïðåäëàãàåòñÿ  ðÿä ïðèìåðîâ, ñïîñîáñòâóþùèõ ðàçâèòèþ 
òâîð÷åñêèõ ñïîñîáíîñòåé è íàâûêîâ ó÷àùèõñÿ. Çíàние îïðåäåëåíèя 
îïðåäåëåííîãî èíòåãðàëà, его ñâîéñòâ и îñíîâíûõ ìåòîäîâ 
èíòåãðèðîâàíèÿ äëÿ ýôôåêòèâíîãî  âû÷èñëåíèÿ îïðåäåëåííîãî 
èíòåãðàëà êîíå÷íî, íåîáõîäèìî, íî íåäîñòàòî÷íî. Âîçíèêàþò 
òðóäíîñòè, êîòîðûå ïðåîäîëåâàþòñÿ áëàãîäàðÿ òâîð÷åñêèì 
ñïîñîáíîñòÿì è íàâûêàì. Ðàáîòà ñîäåðæèò íåñêîëüêî òèïè÷íûõ 
ðåøåíèé ïðèìåðîâ.               
Êëþ÷åâûå ñëîâà:  Îïðåäåëåííûé èíòåãðàë, êðèâîëèíåéíàÿ òðàïåöèÿ, 
ïëîùàäü êðóãà, ãåîìåòðè÷åñêèé ñìûñë, êâàäðàò, ðàâíîáåäðåííûé 
ïðÿìîóãîëüíûé òðåóãîëüíèê, âûâîä. 
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M.Apresyan 
EXAMPLES OF EFFECTIVE COMPUTATION OF DEFINITE 

INTEGRALS 
The article considers a number of examples of development of creative 

abilities and skills of students. The definition of the definite integral, its 

properties, the knowledge of the basic methods of integration are 

important, but insufficient for the successful computation of certain 

integrals. There are difficulties which are overcome due to habits and 

skills. The article includes the solution of several typical examples.  

Key words: definite integral, curvilinear trapezoid, area of a circle, 

geometric meaning, square, equilateral right triangle, conclusion. 

 
 

 àñáßÛ³É ÇÝï»·ñ³ÉÇ í»ñ³µ»ñÛ³É µ³½Ù³ÃÇí ËÝ¹ÇñÝ»ñ ëÏëíáõÙ »Ý ³Ûëå»ë՝ 
»ÉÝ»Éáí áñáßÛ³É ÇÝï»·ñ³ÉÇ ë³ÑÙ³ÝáõÙÇó, û·ïí»Éáí ÜÛáõïáÝ-È³ÛµÝÇóÇ µ³Ý³Ó¨Çó, 

Ï³ï³ñ»Éáí Ù³ë»ñáí ÇÝï»·ñáõÙ, Ï³ï³ñ»Éáí ÷á÷áË³Ï³ÝÇ ÷áË³ñÇÝáõÙ, 

û·ï³·áñÍ»Éáí ³¹ÇïÇíáõÃÛ³Ý ¨ ÙáÝáïáÝáõÃÛ³Ý Ñ³ïÏáõÃÛáõÝÝ»ñÁ, û·ïí»Éáí ÙÇçÇÝ 

³ñÅ»ùÇ Ã»áñ»ÙÝ»ñÇó, ³ëïÇ×³ÝÇ Çç»óÙ³Ý »Õ³Ý³Ïáí ¨ ³ÛÉÝ, ³í³ñïíáõÙ »Ý Ù»Í 

Ù³ë³Ùµ ³Ûëå»ë՝ Ñ³ßí»É ÇÝï»·ñ³ÉÁ: 
 àñáßÛ³É ÇÝï»·ñ³ÉÇ ë³ÑÙ³ÝáõÙÁ, Ñ³ïÏáõÃÛáõÝÝ»ñÁ, ÇÝï»·ñÙ³Ý ÑÇÙÝ³Ï³Ý 

»Õ³Ý³ÏÝ»ñÝ ÇÙ³Ý³ÉÁ áñáßÛ³É ÇÝï»·ñ³ÉÝ»ñÁ ³ñ¹ÛáõÝ³í»ï Ñ³ßí»Éáõ Ñ³Ù³ñ, 

ÇÑ³ñÏ», ³ÝÑñ³Å»ßï ¿, µ³Ûó   áã µ³í³ñ³ñ: ²é³ç³ÝáõÙ »Ý ¹Åí³ñáõÃÛáõÝÝ»ñ, áñáÝù 

Ñ³ÕÃ³Ñ³ñíáõÙ »Ý ëï»ÕÍ³·áñÍ³Ï³Ý áõÝ³ÏáõÃÛáõÝÝ»ñÇ ¨ ÑÙïáõÃÛáõÝÝ»ñÇ ßÝáñÑÇí: 
 ²ßË³ï³ÝùáõÙ ³é³ç³ñÏíáõÙ »Ý ëáíáñáÕÝ»ñÇ ëï»ÕÍ³·áñÍ³Ï³Ý 

áõÝ³ÏáõÃÛáõÝÝ»ñÇ ¨ ÑÙïáõÃÛáõÝÝ»ñÇ ½³ñ·³óÙ³Ý ÙÇ ß³ñù ûñÇÝ³ÏÝ»ñ: 
 úñÇÝ³Ï 1. ºÉÝ»Éáí áñáßÛ³É ÇÝï»·ñ³ÉÇ »ñÏñ³ã³÷³Ï³Ý ÇÙ³ëïÇó, Ñ³ßí»É 

Ñ»ï¨Û³É ÇÝï»·ñ³ÉÁ. 

 
5

0

225 dxxI  

 ÈáõÍáõÙ: 
225 xy   ÏáñÁ Ñ³Ý¹Çë³ÝáõÙ ¿ 2522  yx  Ñ³í³ë³ñáõÙáí 

ïñíáÕ ßñç³Ý³·ÍÇ í»ñÇÝ Ï»ëÁ: ÎáñÇ ³ÛÝ Ù³ëÁ, »ñµ x -Á ÷á÷áËíáõÙ ¿ 0-Çó ÙÇÝã¨ 5, 

ÁÝÏ³Í ¿ ³é³çÇÝ Ïááñ¹ÇÝ³ï³ÛÇÝ ù³éáñ¹áõÙ: ²Ûëï»ÕÇó »½ñ³Ï³óÝáõÙ »Ýù, áñ 

225,0,5,0 xyyxx   ·Í»ñáí ë³ÑÙ³Ý³÷³Ïí³Í Ïáñ³·ÇÍ ë»Õ³ÝÁ 

Ñ³Ý¹Çë³ÝáõÙ ¿ 2522  yx  ³ÝÑ³í³ë³ñáõÙáí ïñíáÕ ßñç³ÝÇ Ù»Ï ù³éáñ¹Á (ÝÏ.1): 

²Û¹ Ïáñ³·ÇÍ ë»Õ³ÝÇ Ù³Ï»ñ»ëÁ Ñ³í³ë³ñ ¿՝ 
4

25
 : 
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                                     ÜÏ. 1      ÜÏ. 2   
Ð»ï¨³µ³ñ 

4

25
25

5

0

2 
  dxxI  : 

 ä³ï³ëË³Ý՝
4

25
: 

 úñÇÝ³Ï 2. Ð³ßí»É  
2

0
1 dxxI  ÇÝï»·ñ³ÉÁ: 

 ÈáõÍáõÙ: ²Ûë ÇÝï»·ñ³ÉÁ Ï³ñ»ÉÇ ¿ Ñ³ßí»É՝ û·ïí»Éáí áñáßÛ³É ÇÝï»·ñ³ÉÇ 

ë³ÑÙ³ÝáõÙÇó, Ñ³ïÏáõÃÛáõÝÝ»ñÇó, ë³Ï³ÛÝ ³í»ÉÇ ßáõï û·ÝáõÃÛ³Ý ¿ Ñ³ëÝáõÙ ÝÏ.2-áõÙ 

å³ïÏ»ñí³Í 

0,1,2,0  yxyxx  

·Í»ñáí ë³ÑÙ³Ý³÷³Ïí³Í Ïáñ³·ÇÍ ë»Õ³ÝÁ: Àëï áñáßÛ³É ÇÝï»·ñ³ÉÇ 

»ñÏñ³ã³÷³Ï³Ý ÇÙ³ëïÇ ³Û¹ Ïáñ³·ÇÍ ë»Õ³ÝÇ Ù³Ï»ñ»ëÁ Ñ³í³ë³ñ ¿ ïñí³Í 

ÇÝï»·ñ³ÉÇ ³ñÅ»ùÇÝ, ³ÛëÇÝùÝ 

11
2

0
  dxxI  

 ¸Åí³ñ ã¿ ÝÏ³ï»É, áñ ³Û¹ Ïáñ³·ÇÍ ë»Õ³ÝÇ Ù³Ï»ñ»ëÁ Ï³ñ»ÉÇ ¿ Ñ³ßí»É 

³Ù»Ý³Ñ³ñÙ³ñ »Õ³Ý³Ïáí, ³Ûëå»ë, ³ÛÝ ÁÝ¹áõÝ»Éáí áñå»ë ÙÇ³íáñ ÏáÕÙáí 

ù³é³Ïáõëáõ Ù³Ï»ñ»ë: 
 ä³ï³ëË³Ý՝ 1: 

 úñÇÝ³Ï 3. Ð³ßí»É ÇÝï»·ñ³ÉÁ   
4

0
13 dxxxI  

 ÈáõÍáõÙ: Ü³Ë áõÕÕ³ÝÏÛáõÝ ¹»Ï³ñïÛ³Ý Ïááñ¹ÇÝ³ï³ÛÇÝ Ñ³ñÃáõÃÛ³Ý íñ³ 

Ï³ñ»ÉÇ ¿ å³ïÏ»ñ»É  

0,13,4,0  yxxyxx  

·Í»ñáí ë³ÑÙ³Ý³÷³Ïí³Í Ïáñ³·ÇÍ ë»Õ³ÝÁ (ÝÏ.3): Àëï áñáßÛ³É ÇÝï»·ñ³ÉÇ 

»ñÏñ³ã³÷³Ï³Ý ÇÙ³ëïÇ ³Û¹ Ïáñ³·ÇÍ ë»Õ³ÝÇ Ù³Ï»ñ»ëÁ Ñ³í³ë³ñ ¿ ïñí³Í 

ÇÝï»·ñ³ÉÇ ³ñÅ»ùÇÝ: ²ÛÝáõÑ»ï¨, ÁÝïñ»Éáí ³Û¹ Ïáñ³·ÇÍ ë»Õ³ÝÇ Ù³Ï»ñ»ëÇ Ñ³ßíÙ³Ý 

³Ù»Ý³Ñ³ñÙ³ñ »Õ³Ý³ÏÁ, ¹Åí³ñ ã¿ ëï³Ý³É, áñ 

 
  1013

4

0
  dxxxI  

 ä³ï³ëË³Ý՝ 10: 
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úñÇÝ³Ï 4. Ð³ßí»É   

  2,233  xyxxxf  

Ïáñ»ñáí ë³ÑÙ³Ý³÷³Ïí³Í Ïáñ³·ÇÍ ë»Õ³ÝÇ Ù³Ï»ñ»ëÁ: 
 ÈáõÍáõÙ: ÈáõÍ»Éáí 









2

233

xy

xxy
 

Ñ³í³ë³ñáõÙÝ»ñÇ Ñ³Ù³Ï³ñ·Á՝ ¹Åí³ñ ã¿ ëï³Ý³É ³Û¹ Ïáñ»ñÇ Ñ³ïÙ³Ý Ï»ï»ñÇ 

Ïááñ¹ÇÝ³ïÝ»ñÁ՝      4;2,2;0,0;2 : 

 ä³ïÏ»ñ»Éáí áõÕÕ³ÝÏÛáõÝ ¹»Ï³ñïÛ³Ý Ïááñ¹ÇÝ³ï³ÛÇÝ Ñ³ñÃáõÃÛ³Ý íñ³ 

ïñí³Í Ïáñ»ñáí ë³ÑÙ³Ý³÷³Ïí³Í Ïáñ³·ÇÍ ë»Õ³ÝÁ (ÝÏ.4), ³ÏÝÑ³Ûï ¿ ¹³éÝáõÙ, áñ 

³ÛÝ µ³ÕÏ³ó³Í ¿ Çñ³ñ Ñ³í³ë³ñ ÙÇ¨ÝáõÛÝ 4S Ù³Ï»ñ»ëáí »ñÏáõ Ù³ë»ñÇó: 

Ð»ï¨³µ³ñ áñáÝ»ÉÇ Ù³Ï»ñ»ëÁ Ñ³í³ë³ñ ¿ 8: 

 

 ä³ï³ëË³Ý՝ 8: 

 

   
                                       ÜÏ.3                                                         ÜÏ.4 
 úñÇÝ³Ï 4-Ç ÉáõÍáõÙÁ ÑÝ³ñ³íáñáõÃÛáõÝ ¿ ï³ÉÇë Ï³ï³ñ»Éáõ ÙÇ Ñ»ï³ùñùÇñ 

»½ñ³Ï³óáõÃÛáõÝ.      4;2,0;2,0;2  ·³·³ÃÝ»ñáí Ñ³í³ë³ñ³ëñáõÝ áõÕÕ³ÝÏÛáõÝ 

»é³ÝÏÛ³Ý ÁÝ¹·Íí³Í Ù³ëÇ Ù³Ï»ñ»ëÁ Ñ³í³ë³ñ ¿ ³Û¹ »é³ÝÏÛ³Ý Ù³Ï»ñ»ëÇ Ï»ëÇÝ:  
 ºÃ» ³Û¹ Ñ³í³ë³ñ³ëñáõÝ áõÕÕ³ÝÏÛáõÝ »é³ÝÏÛáõÝÁ Éñ³óíÇ ÙÇÝã¨ 4 ÙÇ³íáñ 

ÏáÕÙáí ù³é³ÏáõëÇ ¹³éÝ³ÉÁ, ³å³ ³ÏÝÑ³Ûï ¿ ¹³éÝáõÙ, áñ ëï³óí³Í ù³é³ÏáõëÇÝ 
µ³ÕÏ³ó³Í ÏÉÇÝÇ Çñ³ñ  Ñ³í³ë³ñ³Ù»Í ¨ Ûáõñ³ù³ÝãÛáõñÇó »ñÏáõ³Ï³Ý å³ñáõÝ³ÏáÕ 

Ù³ë»ñÇó: Ð»ï¨³µ³ñ 

  2,233  xyxxxf  

Ïáñ»ñáí ë³ÑÙ³Ý³÷³Ïí³Í Ïáñ³·ÇÍ ë»Õ³ÝÇ Ù³Ï»ñ»ëÁ Ñ³í³ë³ñ ¿ ³Û¹ ù³é³Ïáõëáõ 

Ù³Ï»ñ»ëÇ Ï»ëÇÝ, ³ÛëÇÝùÝ՝ 8-Ç: Àëï ÝÏ.4-Ç áñáßÛ³É ÇÝï»·ñ³ÉÇ ÙÇçáóáí Ï³ñ»ÉÇ ¿ Ýß»É 

¨ë ÙÇ ù³ÝÇ Ñ³í³ë³ñáõÃÛáõÝÝ»ñ. 
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    416
4

1
4

0

2

3  dxxx  

 úñÇÝ³Ï 5. ºÉÝ»Éáí áñáßÛ³É ÇÝï»·ñ³ÉÇ »ñÏñ³ã³÷³Ï³Ý ÇÙ³ëïÇó, 

³å³óáõó»É, áñ 

02sin
0




xdx  

 
  ÈáõÍáõÙ: Ü³Ë ³ÝÑñ³Å»ßï ¿ áõÕÕ³ÝÏÛáõÝ ¹»Ï³ñïÛ³Ý Ïááñ¹ÇÝ³ï³ÛÇÝ 

Ñ³ñÃáõÃÛ³Ý íñ³ å³ïÏ»ñ»É   

  0,2sin,,0  yxxfxx   

·Í»ñáí ë³ÑÙ³Ý³÷³Ïí³Í Ïáñ³·ÇÍ ë»Õ³ÝÁ (ÝÏ.5): 
 ²ÛÝáõÑ»ï¨ Ñ³ßíÇ ³éÝ»Éáí áñáßÛ³É ÇÝï»·ñ³ÉÇ »ñÏñ³ã³÷³Ï³Ý ÇÙ³ëïÁ, Áëï 

ÝÏ.5-Ç,  ;0  ÙÇç³Ï³ÛùáõÙ  ÁÝ¹·Íí³Í »ñÏáõ Ù³ë»ñÇ Ù³Ï»ñ»ëÝ»ñÇ ·áõÙ³ñÁ 

Ñ³í³ë³ñ ¿ ïñí³Í áñáßÛ³É ÇÝï»·ñ³ÉÇ ³ñÅ»ùÇÝ: ²Ûëï»Õ å»ïù ¿ Ñ³ßíÇ ³éÝ»É Ý³¨ 

ÁÝ¹·Íí³Í Ù³ë»ñÇ ¹³ë³íáñí³ÍáõÃÛáõÝÁ:  

 
   

ÜÏ.5 
 Üßí³Í ÙÇç³Ï³ÛùáõÙ ÁÝ¹·Íí³Í »ñÏáõ Ù³ë»ñÁ Ñ³í³ë³ñ³Ù»Í »Ý, ÁÝ¹ áñáõÙ 

·ïÝíáõÙ »Ý ³µëóÇëÝ»ñÇ ³é³ÝóùÇ ï³ñµ»ñ ÏáÕÙ»ñáõÙ: Ð»ï¨³µ³ñ, ï»ÕÇ áõÝÇ 

Ñ»ï¨Û³É Ñ³í³ë³ñáõÃÛáõÝÁ. 

02sin
0




xdx : 

 º½ñ³Ï³óáõÃÛáõÝ:¸Çï³ñÏí³Í ûñÇÝ³ÏÝ»ñÇ ÉáõÍáõÙÝ»ñÁ óáõÛó »Ý ï³ÉÇë, áñ 

áñáßÛ³É ÇÝï»·ñ³ÉÇ »ñÏñ³ã³÷³Ï³Ý ÇÙ³ëïÁ ¨ Ù³Ï»ñ»ëÇ Ñ³ïÏáõÃÛáõÝÝ»ñÝ ³í»ÉÇ 

¹ÛáõñÇÝ ¨ ³ñ¹ÛáõÝ³í»ï »Ý ¹³ñÓÝáõÙ áñáß ¹³ëÇ áñáßÛ³É ÇÝï»·ñ³ÉÝ»ñÇ Ñ³ßíáõÙÁ:        
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Ðá¹í³ÍÁ ïå³·ñáõÃÛ³Ý ¿ »ñ³ßË³íáñ»É ËÙµ³·ñ³Ï³Ý  
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